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I. INTRODUCTION
C LASSICAL Euclidean self-orthogonal codes have been extensively studied due to their nice algebraic and combinatorial nature. Various constructions of classical Euclidean self-orthogonal codes have been studied through algebraic and combinatorial tools [13] , [4] , [9] . In recent years, this topic has become increasingly interesting due to application to quantum codes [1] - [3] , [8] , [10] . For application to quantum codes, one is interested in not only classical Euclidean self-orthogonal codes but also some other types of self-orthogonal codes such as Hermitian and symplectic self-orthogonal codes.
One good candidate for self-orthogonal codes is an algebraic geometry code (AG code for short). For instance, in [22] , it is shown that algebraic geometry codes from a certain optimal tower are equivalent to Euclidean self-orthogonal codes. Unfortunately, this is not true for an arbitrary algebraic geometry code in general. In fact, it requires a very strong condition in order that an algebraic geometry code is Euclidean self-orthogonal [21] , [23] , [15] .
In this paper, we construct both Euclidean and Hermitian self-orthogonal codes through algebraic geometry codes. More precisely, we show that if the dimension of an arbitrary algebraic geometry code over a finite field of even characteristic is slightly less than with being the length of the code and being the genus of the base curve, then it is equivalent to an Euclidean self-orthogonal code. Furthermore, We also show a similar result on Hermitian self-orthogonal algebraic geometry codes. Note that in the literatures, a strong condition on the existence of a certain differential is required to obtain an Euclidean self-orthogonal algebraic geometry code [21] . Turning a code under certain condition to a self-orthogonal code has been considered already [16] .
The paper is organized as follows. In Section II, we introduce some basic notations about algebraic curves and the construction of algebraic geometry codes. In Section III, we show that an algebraic geometry code is equivalent to an Euclidean self-orthogonal code and its tensor product is equivalent to a Hermitian self-orthogonal code if the dimension is slightly less than half of its length minus the genus of the base curve. Section IV illustrates our results by showing examples from projective lines and elliptic curves. Applications of our results obtained in Section III to quantum codes are investigated in the last section. In particular, we obtain a -ary quantum -MDS code for even power which is essential for quantum secret sharing [5] .
II. PRELIMINARY
To construct self-orthogonal algebraic geometry codes, we need to recall some basic definitions and results of algebraic curves and algebraic geometry codes. The reader may refer to [21] and [24] .
Let be a smooth, projective, absolutely irreducible curve of genus defined over . We denote by the function field of . An element of is called a function. The normalized discrete valuation corresponding to a point of is written as . A point is said -rational if for all in the Galois group . Likewise, a divisor is said -rational if for all in the Galois group . For an -rational divisor , the Riemann-Roch space associated to is Then is a finite-dimensional vector space over and we denote its dimension by . By the Riemann-Roch theorem we have where the equality holds if . Obviously the image of the is a subspace of . The image of is denoted as which is called an algebraicgeometry code (or AG code for short). If , then is an embedding and we have . By the Riemann-Roch theorem we can estimate the parameters of an AG code (see [21] ).
Proposition 2.1:
is an -linear code over with parameters a) If satisfies , then b) If additionally , then .
Remark 2.2:
i) The proposition above implies that . By the Singleton bound, we know the AG codes are MDS codes if the curve is the projective line. ii) Note that is the usual algebraic geometry code defined by Goppa, where denotes the all-one vector . iii) For any vector , by the Strong Approximation Theorem [22] , there exists a function such that for all . Then it is easy to see that is in fact the Goppa algebraic geometry code . Now we discuss the Euclidean dual of the AG code . For two vectors , in , the Euclidean inner product is defined by . For a linear code over , the Euclidean dual of is defined by Let denote the differential space of . For an -rational divisor , we define the -vector space and denote the dimension of by . Then one has the following relationship:
where is a canonical divisor. We define the code as where stands for the residue of at . is an linear code over . Furthermore, is the Euclidean dual of , where denotes the vector .
III. SELF-ORTHOGONAL ALGEBRAIC GEOMETRY CODES
In the first two subsections of this section, we show that an algebraic geometry code is equivalent to an Euclidean self-orthogonal code and its tensor product with is equivalent to a Hermitian self-orthogonal code if the Euclidean dual of contains a codeword of Hamming weight . In the last subsection, a sufficient condition on the existence of a codeword of Hamming weight in is given in terms of some numerical condition which is always true if the dimension of the code is slightly less than with being the length of the code and being the genus of the base curve.
A. Euclidean Self-Orthogonal AG Codes
In this subsection, we restrict ourselves to finite fields of even characteristic. A linear code is called Euclidean selforthogonal if for all , . It is clear that the dimension of an Euclidean self-orthogonal code is at most half of its length.
Proposition 3.1:
is equivalent to an Euclidean self-orthogonal code if contains a codeword of Hamming weight .
Proof: Let be a codeword of Hamming weight in . Since are elements in and is a power of 2, there exist such that for . For any two codewords and in for some , , their Euclidean inner product is (Note that here we use the fact that the evaluation map is multiplicative, i.e.,
, and the product belongs to .) Therefore, is Euclidean self-orthogonal and our result follows.
The following example shows that the condition that has even characteristic is necessary. 
B. Hermitian Self-Orthogonal AG Codes
To study Hermitian self-orthogonal codes, we have to consider codes over . For two vectors , in , we define the Hermitian inner product by . For an -linear code over , the Hermitian dual of an -linear code consists of vectors in that are orthogonal to all the codewords in with respect to the Hermitian inner product defined above. It follows immediately that , where . This implies that the Hermitian dual of is . Let be an algebraic curve in , let be pairwise distinct -rational points and let be an -rational divisor such that . Define a code over Then is an -linear code over if . In fact, is the tensor product . Note that taking the tensor product with does not change the number of -rational points of the curve, neither does the minimum distance of the code change.
Proposition 3.3:
is equivalent to an Hermitian self-orthogonal code if contains a codeword of Hamming weight .
Proof: Let be a codeword of Hamming weight in . Since are elements in , there exist such that for . Moreover, is also Euclidean orthogonal to as has a basis from Consider two codewords and in for some , . Then is an element of , where is the Frobenius in the Galois group . Their Hermitian inner product is Therefore, is Hermitian self-orthogonal and our result follows.
Remark 3.4:
To show Euclidean self-orthogonality of , we requires that has even characteristic. However, we do not need this condition for Hermitian elf-orthogonality of .
C. Numerical Results
The results in the previous two section use a codeword of Hamming weight . In this section, we give a numerical condition that guarantees the existence of such a codeword. We denote this set by and denote by . Thus, it is sufficient to prove is not an empty set. By the inclusion-exclusion principle, we have where It follows from the condition that Combining Propositions 3.1 and 3.3 with 3.5, we obtain a sufficient condition under which an algebraic geometry code is equivalent to a self-orthogonal code.
Theorem 3.6: Suppose
Then i) is equivalent to an Euclidean self-orthogonal code. ii) is equivalent to an Hermitian self-orthogonal code.
Remark 3.7: In case
, the dimension of is . Hence, from Theorem 3.6, an algebraic geometry code is equivalent to an Euclidean self-orthogonal code if its dimension is at most . For a finite field of large size, this means that if its dimension is slightly smaller than the half of its length minus the genus, an arbitrary algebraic geometry code is equivalent to an Euclidean self-orthogonal code and its tensor product with is equivalent to a Hermitian self-orthogonal code.
IV. EXAMPLES
In this section, we illustrate our result by considering algebraic geometry codes from the projective line and elliptic curves.
A. Self-Orthogonal Generalized Reed-Solomon Codes
It is well known that the generalized Reed-Solomon codes are equivalent to self-orthogonal codes. By using the results in the previous section, this can be easily shown as follows.
Let us recall some basic results of generalized Reed-Solomon codes ( codes for short) first. Let be a finite field of elements, choose distinct elements of , and nonzero elements of . Furthermore, let and . Let be the only zero of and let be the only pole of . Put and for some between 1 and . Then we denote our algebraic geometry codes and by and , respectively. First of all, the Euclidean dual code of is (see [12] ), where is a nonzero solution of the following system:
Note that the solution space of the above system has dimension 1 and every nonzero solution has all coordinates not equal to zero. It is clear that has a codeword of weight for an irreducible polynomial of degree 2 as long as . Therefore, a generalized Reed-Solomon code is equivalent to an Euclidean self-orthogonal code if . With the same arguments, we can show that a generalized Reed-Solomon code is equivalent to a Hermitian self-orthogonal code if . Finally in this subsection, we show the existence of a -ary Euclidean self-orthogonal MDS codes of parameter for even by applying our theory.
Proposition 4.1:
For an even prime power , there exists a -ary Euclidean self-orthogonal MDS codes of parameters . Proof: Let be all distinct points on the projective line and be a divisor of degree such that . Then the algebraic geometry code is a -ary -MDS code. To show that it is equivalent to an self-orthogonal code, it is sufficient to show that there is a codeword of Hamming weight in the dual code of . This follows from the fact that is a -MDS code; therefore, its dual is a -MDS code and hence any nonzero codeword has Hamming weight .
B. Codes Over Elliptic Curves
The AG codes in the example of codes are associated with the projective line whose genus is 0. In this subsection, we consider another example of AG codes based on elliptic curves.
Note that the genus of an elliptic curve is 1 and its rational points form an abelian group.
Let be an elliptic curve over and let denote the set of -rational points on . First of all, we show that for any fixed point of , there exists distinct points such that is equal to in the group as long as . be the zero element of and let be , we also obtain the required result.
Choose an -rational divisor such that . For with , we choose an -rational divisor of degree . Let for a differential . We can choose these -rational points in such that the sum is the zero element in the group . Since the degree is zero, it is a principal divisor [18, Ch. 3, Corollary 3.5].
Let . Then the differential belongs to . Moreover, is a codeword of with Hamming weight . This implies that is equivalent to an Euclidean self-orthogonal code and is equivalent to a Hermitian self-orthogonal code.
V. APPLICATION TO QUANTUM CODES
The main purpose of this section is to apply our self-orthogonal codes to the construction of quantum codes and derive an asymptotic bound. Although all results except for Theorem 5.5 are not new, it is still interesting to see applications of the results in the previous sections. The -ary quantum -MDS code obtained in this section is of particular interest because of quantum secret sharing [5] .
Let us first introduce some notations and results on quantum codes. Let be the field of complex numbers. For a positive integer , a dimensional subspace of is called a -ary quantum code with length , dimension . is called an -quantum code or -quantum code if it can detect errors and correct errors, where (see [4] , [6] for details). Similar to a classical code, an -quantum code must satisfy the quantum Singleton bound . is called a quantum MDS code if it achieves the quantum singleton bound, i.e., . In order to use our results in Section III to construct quantum codes, we need to introduce two lemmas which connect classical self-orthogonal codes with quantum codes. Lemma 4.1: (see [10] ) There is a -ary -quantum code whenever there exists a classical Euclidean self-orthogonal -linear code over , where is the minimum Hamming distance of .
Lemma 5.2: (see [2] ) There is a -ary -quantum code whenever there exists a classical Hermitian self-orthogonal -linear code over , where is the minimum Hamming distance of . It is well known that there are -ary -quantum MDS codes for any odd with (see [7] , [11] , [9] ). Furthermore, the paper [17] shows the existence of -ary -MDS quantum code for even . We can apply Proposition 4.1 to obtain this result as well.
Theorem 5.3: Let be a power of 2, then there exists a -ary -MDS quantum code. Now, applying classical self-orthogonal codes from projective line and elliptic curves in the previous sections, we can derive several classes of quantum codes immediately.
Theorem 5.4: If and , then there exists a -ary -quantum MDS code. Note that the above result can be found in [7] , [11] , [9] .
Theorem 5.5: If
, then there exists a -ary -quantum code.
Remark 5.6: For each curve defined over with -rational points, by Theorem 3.6 we have a Hermitian self-orthogonal code over with parameters and dual distance at least for . Subsequently we can obtain a -ary -quantum code. Therefore, the asymptotic algebraic geometry bound on quantum codes [ [6] , in (3.2)] can be easily derived.
